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Abstract We present Probabilistic Doxastic Temporal

(PDT) Logic, a formalism to represent and reason about

probabilistic beliefs and their finite temporal evolution in

multi-agent systems. This formalism enables the quantifi-

cation of agents’ beliefs through probability intervals and

incorporates an explicit notion of time. In this work, we

give an overview of recent contributions on PDT Logic.

After describing the syntax and semantics of this formal-

ism, we show that two alternative representation forms are

available to model problems in PDT Logic. Furthermore,

we outline how abductive reasoning can be performed in

PDT Logic and how this formalism can be extended to

infinite time frames.

Keywords Knowledge representation � Belief updates �
Imprecise probabilities

1 Introduction

Logical analysis of knowledge and belief has been an

active topic of research in diverse fields such as philosophy

[10], economics [1], and computer science [7].

In most realistic scenarios, an agent has only incomplete

and inaccurate information about the actual state of the

world, and thus considers several different worlds as

actually being possible. As it receives new information, it

has to update its beliefs about possible worlds. These

updates can for example result in regarding some worlds as

impossible or judging some worlds to be more likely than

before.

When multiple agents are involved in such a setting, an

agent may not only have varying beliefs regarding the facts

of the actual world, but also regarding the beliefs of other

agents. In many scenarios, the actions of one agent will not

only depend on its belief in ontic facts (i.e., facts of the

actual world), but also on its beliefs in some other agent’s

beliefs.

To formalize reasoning about such beliefs in multi-agent

settings, we have developed Probabilistic Doxastic Tem-

poral (PDT) Logic, as introduced in [14]. This formalism

merges established concepts from epistemic logic with

recent contributions from temporal logic, namely Anno-

tated Probabilistic Temporal (APT) Logic [20], and enables

a representation of uncertain knowledge with imprecise

probabilities (i.e., using probability intervals instead of

single values). This representation yields two main

advantages. On the one hand, the use of probability inter-

vals significantly eases the task of formally representing

existing knowledge of a human domain expert. In most

cases, a domain expert can give reasonable probability

estimates of her knowledge, but will inevitably fail at

giving precise numerical values on these probabilities.

Consider for instance a weather forecast: most people find

it easy to give coarse probabilistic quantifications such as

‘‘the chance of rain is high’’, while virtually nobody could

quantify this through an exact numerical value. Employing

exact numerical values in a formal representation would

then inevitably introduce errors in the probability model.

Thus, the use of probability intervals provides means to

express probabilistic knowledge as precisely as possible

without enforcing unrealistic precision. On the other hand,
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there are many scenarios where probabilities are simply

unavailable, while bounds on these values may be known.

To illustrate this, consider a modified version of the Three

Prisoners Puzzle [8, 9]:

Example 1 (Modified Three Prisoners Puzzle, adapted

from [9]) Of three prisoners a, b, and c, two are to be

executed, but a does not know which. The probability that

a will be executed is 2/3, while the respective probabilities

for b and c being executed are unknown. a says to the

jailer, ‘‘since either b or c is certainly going to be executed,

you will give me no information about my own chances if

you give me the name of one man, either b or c, who is

going to be executed.’’

Now, it is easy to see that a’s chance of surviving is 1/3,

while no such a probability value can be given for the

survival of b or c. However, it follows immediately from

a’s survival chance that neither b’s or c’s chance of sur-

vival can exceed 2/3. Using imprecise probabilities, we can

correctly specify probability intervals [0, 2/3] for b and c,

while any attempt of modeling precise values would fail.

We will return to this example below and give a formal

representation after summarizing the syntax and semantics

of PDT Logic in the next section.

2 Related Work

Early research on epistemic logic culminated in the influ-

ential work [7], which provides a unified presentation of

various preceding contributions on epistemic logic with

‘‘sharp’’ knowledge, i.e., it does not consider uncertainty.

Several works have extended epistemic logic to represent

dynamically changing knowledge, i.e., evolutions of

knowledge are represented through the step-by-step results

of certain actions, while no explicit model of time is given.

The first formal analysis of this approach has been pre-

sented in [19]. Subsequent works—e.g., [2, 3]—have

generalized this approach to incorporate a variety of

complex epistemic actions. A thorough treatment of

Dynamic Epistemic Logic can be found in [5].

An alternative approach of modeling the evolution of

knowledge is to combine epistemic logic with some tem-

poral system. One example for this are the interpreted

systems from [7], where time is represented through

sequences of global states. A similar approach is Epistemic

Temporal Logic (ETL) [18], where situations are repre-

sented through sets of histories. The temporal model

employed in PDT Logic is closely related to ETL, with the

additional introduction of frequency functions (as descri-

bed below), which—compared to existing temporal epis-

temic logics—enable reasoning about a wider range of

temporal relationships.

Various works have augmented epistemic logics with

probabilities to represent uncertainty. An early influential

work in this area is [6], which combines epistemic logic with

lower-bound probability operators. Kooi [11] limits the

approach of [6] to measurable sets and combines it with

dynamic epistemic logic to obtain a dynamic version of

probabilistic epistemic logic. This work is extended in [4] to

analyze the results of various epistemic actions. In contrast to

these works, PDT Logic uses an explicit representation of

imprecise probabilities (i.e., it uses a probability operator

with both lower and upper bounds). In most related

approaches, there is a difference between belief with prob-

ability 1 and knowledge, while these concepts are unified in

PDT Logic. To illustrate this, consider repeatedly flipping a

coin: the probability that it will eventually show head is 1 for

an infinite number of repetitions, while nobody can know

that it will ever show head. As PDT Logic is restricted to

finite domains, these concepts are equivalent in our work,

and thus, for beliefs with probability 1, our formalism cor-

responds to classic epistemic logic.

3 PDT Logic Programs: Syntax and Semantics

We now summarize the syntax and semantics of PDT

Logic, as introduced in [14].

3.1 Syntax

We assume the existence of a function-free first order logic

language L with finite sets of constant symbols Lcons and

predicate symbols Lpred , and an infinite set of variable

symbols Lvar. Every predicate symbol p 2 Lpred has an

arity. A term is any member of the set Lcons [ Lvar. A term

is called a ground term if it is a member of Lcons. If t1; ::; tn
are (ground) terms, and p is a predicate symbol in Lpred

with arity n, then pðt1; . . .; tnÞ is a (ground) atom. If a is a

(ground) atom, then a and :a are (ground) literals. The

former is called a positive literal, the latter is called a

negative literal. The set of all ground literals is denoted by

Llit. As usual, B denotes the Herbrand Base of L.
Time is modeled as a set s of discrete time points

s ¼ f1; . . .; tmax g. The set of agents is denoted by A . To

describe what agents observe, we define observation atoms

as follows:

Definition 1 (Observation atoms) For any non-empty

group of agents G � A and ground literal l 2 Llit,

ObsGðlÞ is an observation atom. The set of all observation

atoms is denoted by Lobs.

Both atoms and observation atoms are formulae. If

F and G are formulae, then F ^ G, F _ G, and :F are

formulae.
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Intuitively, the meaning of a statement of the form

ObsGðlÞ is that all agents in the group G observe that the fact

l holds. Since l may be a negative literal, we can explicitly

specify observations of certain facts being false (such as ‘‘it

is not raining’’). Note that the formal concept of observa-

tions is not limited to express passive acts of observing

facts, but can instead be used to model a wide range of

actions. In the line of [2], observations can be viewed as the

effects of private group announcements of a fact l to a

group G (i.e., l becomes common knowledge within G ,

while all agents outside of G remain entirely oblivious of

the observation): it represents an epistemic action, i.e., it

alters the belief states of all agents (as formally defined

below) in G , but does not influence the ontic facts of the

respective world.

To express temporal relationships, we define temporal

rules following the approach of APT rules from [20]. The

definition of temporal rules already relies on the concept of

frequency functions, even though these are defined in the

next section. We still introduce temporal rules now to

enable a clearly separated presentation of syntax and

semantics of PDT Logic. For now, it suffices to note that

frequency functions provide information about temporal

connections between events.

Definition 2 (Temporal rules) Let F, G be two formulae,

Dt a time interval, and fr a frequency function (as defined

below in Sect. 3.2.5). Then rfrDtðF;GÞ is called a temporal

rule.

The meaning of such an expression is to be understood

as ‘‘F is followed by G in Dt time units w.r.t. fr ’’.

Now, we can define the belief operator B
l;u
i;t0 to express

agents’ beliefs. Intuitively, B
l;u
i;t0 ðuÞ means that at time t0,

agent i believes that some fact u is true with a probability

p 2 ½‘; u�. Particularly, the intuitive meaning of belief in a

temporal rule is that agent i believes that G will hold

according to rfrDtðF;GÞ , given that F holds at some time

point. We call the probability interval ½‘; u� the quantifi-

cation of agent i’s belief. We use Ft to denote that formula

F holds at time t and, accordingly, ObsGðlÞ t to denote that

an observation ObsGðlÞ occurs at time t. We call these

expressions time-stamped formulae and time-stamped

observation atoms, respectively.

Definition 3 (Belief formulae) Let i be an agent, t0 a time

point, and ½‘; u� � ½0; 1�. Then, belief formulae are induc-

tively defined as follows:

1. If F is a formula and t is a time point, then B
l;u
i;t0 ðFtÞ is a

belief formula.

2. If rfrDtðF;GÞ is a temporal rule, then B
l;u
i;t0 ðrfrDtðF;GÞÞ is a

belief formula.

3. If F and G are belief formulae, then so are B
l;u
i;t0 ðFÞ,

F ^ G, F _ G, and :F.

We use script fonts (e.g., F) to distinguish belief formulae

from standard formulae.

3.2 Semantics

In this section, we summarize the formal semantics for

PDT Logic that captures the intuitions explained above. To

ease understanding of the presentation, we use the example

from [14], which we will return to repeatedly when intro-

ducing the various concepts of the semantics.

Example 2 (Trains [14]) Let Alice and Bob be two

agents living in two different cities CA and CB, respec-

tively. Suppose that Alice wants to take a train to visit Bob.

Unfortunately, there is no direct connection between cities

CA and CB, so Alice has to change trains at a third city CC.

We assume that train T1 connects CA and CC, and train T2
connects CC and CB. Both trains usually require 2 time

units for their trip, but they might be running late and arrive

one time unit later than scheduled. Alice requires one time

unit to change trains at city CC. If T1 runs on time, she has

a direct connection to T2, otherwise she has to wait for two

time units until the next train T2 leaves at city CC. If a train

is running late, she can call Bob to let him know. These

calls can be modeled as shared observations between Alice

and Bob. For instance, if Alice wants to tell Bob that train

T1 is running late (i.e., T1 does not arrive at CC at the

expected time, this can be modeled as

ObsfABgð:atðT1;CCÞÞ at the expected arrival time.

3.2.1 Possible Worlds

Ontic facts and according observations (e.g., as described

in the above example) form worlds (or states in the ter-

minology of [7]). A world x consists of a set of ground

atoms and a set of observation atoms, i.e., x 2 2B[Lobs . We

use a 2 x and ObsGðlÞ 2 x to denote that an atom a (resp.

observation atom ObsGðlÞ) holds in world x . Since agents

can only observe facts that actually hold in the respective

world, we can define admissibility conditions of worlds

w.r.t. the set of observations:

Definition 4 (Admissible worlds) A world x is admissi-

ble, iff for every observation atom ObsGðlÞ 2 x

1. The observed fact holds, i.e., x 2 w if l is a positive

literal x, and x 62 w if l is a negative literal :x, and
2. For every subgroup G 0 � G, ObsG 0ðlÞ 2 x.

We use admðx Þ to denote that a world x is admissible.
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The set of all possible worlds is denoted by X and the

set of admissible worlds by X̂.

Example 3 (Trains continued) For Example 2, we have

ground terms A, B, CA, CB, CC, T1, and T2, representing

Alice, Bob, three cities, and two trains. Furthermore, we

have atoms on(x, y) indicating that person y is on train x,

and at(x, z) indicating that train x is at city z. Finally, we

have observation atoms of the kind ObsGðatðx; zÞÞ, indi-
cating that the agents in Gobserve that train x is at station z.

A possible world can for example be

x 1 ¼ fatðT1;CAÞ; onðT1;AÞ;ObsAðatðT1;AÞÞg, indicating

that train T1 is at city CA and A has boarded that train.

We define satisfaction of a ground formula F by a world

x, in the usual way:

Definition 5 (Satisfaction of ground formulae) Let

F;F0;F00 be ground formulae and x a world. Then, F is

satisfied by x (denoted x � F) if and only if:

• Case: F ¼ a for some ground atom a, then a 2 x.
• Case: F ¼ :F0 for some ground formula F0, then

x 6� F0.
• Case: F ¼ F0 ^ F00 for formulae F0 and F00, then x �

F0 and x � F00.
• Case: F ¼ F0 _ F00 for formulae F0 and F00, then x �

F0 or x � F00.

3.2.2 Threads

We use the definition of threads from [20]:

Definition 6 (Thread) A thread This a mapping from the

set of time points s to the set of admissible worlds:

Th : s ! X̂.

Thus, a thread is a sequence of worlds and Th ðiÞ
identifies the actual world at time i according to thread Th.

The set of all possible threads (i.e., all possible sequences

constructible from s and X̂ ) is denoted by T . We refrain

from directly working with T , and instead assume that any

meaningful problem specification gives information about

possible temporal evolutions of the system. We use T̂ to

represent this set of relevant possible threads. For nota-

tional convenience, we assume that there is an additional

prior world Th ð0Þ for every thread.

We assume that the system is synchronous, i.e., the

agents have a global clock. Thus, even if an agent does not

observe anything in world Th ðtÞ, it is still aware of time

passing and can therefore distinguish between worlds

Th ðtÞ and Th ðt � 1Þ.

Example 4 (Trains continued) The description from

Example 2 yields the set of possible threads T̂ depicted in

Fig. 1.

3.2.3 Kripke Structures

With the definition of threads, we can use a slightly

modified version of Kripke structures [12]. As usual, we

define a Kripke structure as a tuple hX̂ ;K1; . . .;Kni, with
the set of admissible worlds X̂ and binary relations Kion

t 1 2 3 4 5 6 7 8 9 10

Th1 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )

2 Th2 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsA

(¬at(T 2, CB ))

2 Th3 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsAB

(¬at(T2 , CB ))

1 Th4 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsA

(¬at(T1 , CC ))

1 Th5 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsAB

(¬at(T1 , CC ))

1 2 Th6 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsA

(¬at(T1 , CC ))
ObsA

(¬at(T1 , CB ))

1 2 Th7 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsAB

(¬at(T1 , CC ))
ObsA

(¬at(T1 , CB ))

1 2 Th8 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsAB

(¬at(T1 , CB ))
ObsA

(¬at(T1 , CC ))

1 2 Th9 on(T1, A)
at(T1, CA)

on(T1, A)
at(T1, CC )

on(T2, A)
at(T2, CC )

on(T2, A)
at(T2, CB )ObsAB

(¬at(T1 , CB ))
ObsAB

(¬at(T1 , CC ))

Fig. 1 Visualization of the possible threads Thk from Example 2:

atðTi;CjÞ denotes that train Ti is currently at city Cj, onðTi;AÞ that

Alice is currently on train Ti, and ObsAGð:atðTi;CjÞÞ denotes a call

from Alice to inform Bob that train Ti is currently not at city Cj. For

the sake of simplicity, facts irrelevant to the analysis (such as

onðTi;AÞ for time points 2 and 5) are omitted from the presentation.

Note that if a train is running late (the respective threads are marked

with according circles), there are always two possible threads: one

where only A observes this and one where both share the observation.

For an easier distinction, we have marked the according group of an

observation with boldface indices
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X̂ for every agent i 2 A. Thus, the Kripke structure for

agent i at world x is defined as

Ki ðx Þ ¼ fx 0 : ðx ;x 0Þ 2 Ki g ð1Þ

Intuitively, ðx ;x 0Þ 2 Ki specifies that in world x , agent i

considers x 0 as a possible world.

We initialize the Kripke structure such that the set of

possible worlds are the worlds that occur at time t ¼ 1 in

some thread Th 0:

8Th 2 T̂ : Ki ðTh ð0ÞÞ ¼
[

Th 02T̂

fTh 0ð1Þg; i ¼ 1; . . .; n

ð2Þ

With the evolution of time, each agent can eliminate the

worlds that do not comply with its respective observations.

Through the elimination of worlds, an agent will also reduce

the set of threads it considers possible (if — due to some

observation — a world x is considered impossible at a time

point t, then all threads Th with Th ðtÞ ¼ x are considered

impossible). We assume that agents have perfect recall and

thereforewill not consider some thread possible again if it was

considered impossible at one point. Thus, Kiis updated w.r.t.

the agent’s respective observations, such that it considers all

threads possible that both complywith its current observations

and were considered possible at the previous time point:

Ki ðTh ðtÞÞ :¼ fTh 0ðtÞ : ðTh 0ðt � 1Þ 2 Ki

ðTh ðt � 1ÞÞ ^ fObsGðlÞ 2 Th ðtÞ : i 2 G g
¼ fObsGðlÞ 2 Th 0ðtÞ : i 2 GgÞg

ð3Þ

Example 5 (Trains continued) From Fig. 1, we obtain

that at time 1, the only possible world is ffatðT1;
CAÞ; onðT1;AÞgg, which is contained in all possible

threads. Thus, Ki ðTh jð1ÞÞ contains exactly this world for

all agents i and threads j. Consequently, both agents con-

sider all threads as possible at time 1.

Now, assume that time evolves for two steps and the

actual thread is Th 4 (i.e., train T1 is running late, but A

does not inform B about this). Both agents will update their

possibility relations accordingly, yielding

KAðTh 4ð3ÞÞ ¼ ffObsfAgð:atðT1;CCÞÞgg

and

KBðTh 4ð3ÞÞ ¼ ffatðT1;CCÞ; onðT1;AÞg; fObsfAgð:atðT1;CCÞÞgg;

i.e.,A knows thatT1 is not on time, whileB is unaware of this.

3.2.4 Subjective Posterior Temporal Probabilistic

Interpretations

Each agent has probabilistic beliefs about the expected

evolution of the world over time. This is expressed through

subjective temporal probabilistic interpretations:

Definition 7 (Subjective posterior probabilistic temporal

interpretation) Given a set of possible threads T̂ , some

thread �Th 2 T̂ , a time point t0 [ 0 and an agent i, I�Th
i;t0 :

T̂ ! ½0; 1� specifies the subjective posterior probabilistic

temporal interpretation from agent i’s point of view at time

t0 in thread �Th, i.e., a probability distribution over all

possible threads:
P

Th2T̂ I�Th
i;t0 ðTh Þ ¼ 1. We call �Ththe

point of view (pov) thread of interpretation I�Th
i;t0 .

The prior probabilities of each agent for all threads are

then given by I�T
i;0hðTh Þ. Since all threads are indistin-

guishable a priori, there is only a single prior distribution

for each agent. Furthermore, in order to be able to reason

about nested beliefs (as discussed below), we assume that

the prior probability assessments of all agents are com-

monly known (i.e., all agents know how all other agents

assess the prior probabilities of each thread). This in turn

requires that all agents have exactly the same prior prob-

ability assessment over all possible threads: if two agents

have different, but commonly known prior probability

assessments, we essentially have an instance of Aumann’s

well-known problem of ‘‘agreeing to disagree’’ [1]. Intu-

itively, if differing priors are commonly known, it is

common knowledge that (at least) one of the agents is at

fault and should revise its probability assessments. As a

result, we have only one prior probability distribution

which is the same from all viewpoints, denoted by I .

Example 6 (Trains continued) A meaningful interpreta-

tion is

I ¼ 0:7 0:02 0:09 0:02 0:09 0:01 0:02 0:02 0:03ð Þ;

which assigns the highest probability to Th 1 (no train

running late), lower probabilities to the threads where one

train is running late and A informs B (Th 3 and Th 5), even

lower probabilities to the events that either both trains are

running late and A informs B (Th 7, Th 8, and Th 9) or that

one train is running late and A does not inform B (Th 2 and

Th 4), and lowest probability to the thread where both trains

are running late and A does not inform B (Th 6).

Even though we only have a single prior probability

distribution over the set of possible threads, it is still nec-

essary to distinguish the viewpoints of different agents in

different threads, as the following definition of interpreta-

tion updates shows.

Definition 8 (Interpretation update) Let i be an agent, t0 a

time point, and �Tha pov thread. Then, if the system is

actually in thread �That time t0, agent i’s probabilistic

interpretation over the set of possible threads is given by

the update rule:
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I�Th
i;t0 ðTh Þ ¼

1

a�Thi;t0
� I�Th

i;t0�1ðTh Þ if Th ðt0Þ 2 Ki ðTh ðt0ÞÞ

0 if Th ðt0Þ 62 Ki ðTh ðt0ÞÞ

8
><

>:

ð4Þ

with 1

a�Th
i;t0

being a normalization factor to ensure that all

interpretations sum to one.

Essentially, the update rule assigns all impossible

threads a probability of zero and scales the probabilities of

the remaining threads such that they are proportional to the

probabilities of the previous time point. With a given prior

probability distribution I over the set of possible threads,

the subjective posterior probabilities I�Th
i;t0 in a specific pov

thread �Th for all agents i and all time points t0 are induced

by the respective observations contained in�Th. We use I�Th

to denote the set of all subjective posterior interpretations

I�Th
i;t0 induced in pov thread �Th.

Example 7 (Trains continued) Applying the update rule

from (4) to the situation described in Example 5, with Ias
given in Example 6, yields the updated interpretation for A:

I�Th 4

A;3 ¼ 0 0 0 0:4 0 0:2 0 0:4 0ð Þ ð5Þ

i.e., A considers exactly those threads possible, where the

train is running late and she does not inform B (threads

Th 4, Th 6, and Th 8). Due to the lack of any new infor-

mation, B can only eliminate the situations where A does

inform him about being late, and thus B’s interpretation is

updated to:

I�Th 4

B;3 � :814 :023 :105 :023 0 :0120 :023 0ð Þ: ð6Þ

3.2.5 Frequency Functions

To represent temporal relationships within threads, we

adapt the concept of frequency functions as introduced in

[20]. Frequency functions provide a flexible way of rep-

resenting temporal relations between the occurrence of

specific events. To illustrate the motivation behind using

frequency functions, consider the exemplary thread Th

depicted in Fig. 2. In this thread, one of the events F or G

occurs at every time point from t ¼ 1 to t ¼ 8. As dis-

cussed in [20], there are multiple ways of characterizing

temporal relationships between the events F and G: For

instance, one might specify how often the event F is fol-

lowed by the event G in, say, exactly 2 time points.

According to Fig. 2, this happens in one out of four

occurrences of F in Th. It might prove meaningful to

exclude the final occurrence of F in Thwhen determining

this frequency, because naturally an occurrence of F at

tmaxcannot be followed by a subsequent occurrence of

G. Excluding the final occurrence of F would yield one out

of three for the desired frequency. Alternatively, one could

also specify how often F is followed by G within the next

two time points. For the exemplary thread from Fig. 2, this

would produce frequencies of 1 and 0.75 respectively,

again depending on whether the final occurrence of F is

included.

This example illustrates already four different possible

definitions of temporal relations between events. To

maintain flexibility in expressing temporal relations, we do

not commit to specific definitions in PDT Logic, but

instead we adapt an axiomatic definition of frequency

functions:

Definition 9 (Frequency functions, adapted from

[20]) Let Th be a thread, F and G be ground formulae, and

Dt 	 0 be an integer. A frequency function frmaps

quadruples of the form ðTh ;F;G;Dt Þ to [0, 1] such that

the following axioms hold:

(FF1) If G is a tautology, then fr ðTh ;F;G;Dt Þ ¼ 1.

(FF2) If F is a tautology and G is a contradiction, then

fr ðTh ;F;G;Dt Þ ¼ 0.

(FF3) If F is a contradiction, fr ðTh ;F;G;Dt Þ ¼ 1.

(FF4) If G is not a tautology, and either F or :G is not a

tautology, and F is not a contradiction, then there

exist threads Th 1, Th 2 2 T such that

fr ðTh 1;F;G;Dt Þ ¼ 0 and fr ðTh 2;F;G;Dt Þ ¼ 1.

Axioms (FF1) to (FF3) ensure that frequency functions

behave as temporal implications with premise F and con-

clusion G. Axiom (FF4) enforces non-trivial frequency

functions by requiring that in all cases not covered by the

first three axioms, there must be at least one thread that

perfectly contradicts and one that perfectly satisfies the

conditional, respectively.

To illustrate the concept of frequency functions, we now

present adapted formal definitions for point and existential

frequency functions from [20] that represent the informal

descriptions of frequencies from above:

The point frequency function pfr expresses how fre-

quently some event F is followed by another event G in

exactly Dt time units:

pfr ðTh ;F;G;Dt Þ ¼ jft : Th ðtÞ � F ^ Th ðt þ Dt Þ � Ggj
jft : ðt
 tmax � Dt Þ ^ Th ðtÞ � Fgj

ð7Þ

If the denominator is zero, we define pfr to be 1.

Th(1) Th(2) Th(3) Th(4) Th(5) Th(6) Th(7) Th(8)

F G F G G F G F

Fig. 2 Example thread Th with s ¼ f1; . . .; 8g, adopted from [20].

This figure shows each world that satisfies formula F or formula G

Künstl Intell

123



The existential frequency function efr expresses how

frequently some event F is followed by another event G

within the next Dt time units:

efrðTh ;F;G;Dt Þ ¼ efnðTh ;F;G;Dt ; 0; tmax Þ
efdðTh ;F;G;Dt Þ ð8Þ

with efnðTh ; F;G;Dt ; t1; t2Þ ¼ jft : ðt1\t
 t2Þ ^ Th ðtÞ � F

^ 9t0 2 ½t;minðt2; t þ Dt Þ� ðTh ðt0Þ � GÞgj

and efdðTh ; F;G;Dt Þ ¼ jft : ðt
 tmax � Dt Þ ^ Th ðtÞ � Fgj
þ efnðTh ;F;G;Dt ; tmax � Dt ; tmax Þ;

3.2.6 Semantics of the Belief Operator

Now, with the definitions of subjective posterior proba-

bilistic temporal interpretations and the introduction of

frequency functions, we can build upon the definitions

from [20] for the satisfiability of interpretations to provide

a formal semantics for the belief operators defined in

Sect. 3.1:

Definition 10 (Belief Semantics) Let i be an agent and

I�Th
i;t0 be agent i’s interpretation at time t0 in pov thread �Th.

Then, it follows from this interpretation that agent i

believes at time t0 with a probability in the range ½‘; u� that

1. (Belief in ground formulae)

A formula F holds at time t (denoted by I�Th
i;t0 � B

l;u
i;t0 ðFtÞ) iff:

‘

X

Th2T̂ ;Th ðtÞ�F

I�Th
i;t0 ðTh Þ
 u: ð9Þ

2. (Belief in rules)

A temporal rule rfrDtðF;GÞ holds (denoted by

I�Th
i;t0 � B

l;u
i;t0 ðrfrDtðF;GÞ Þ) iff:

‘

X

Th2T̂
I�Th
i;t0 ðTh Þ � fr ðTh ;F;G;Dt Þ
 u: ð10Þ

3. (Nested beliefs)

A belief B
lj;uj
j;t ðu Þ of some other agent j holds at time t0

(denoted by

I�Th
i;t0 � B

l;u
i;t0 ðB

lj;uj
j;t ðuÞÞ) iff:

‘

X

ITh
j;t �B

lj ;uj
j;t ðuÞ

Th2T̂

I�Th
i;t0 ðTh Þ
 u:

ð11Þ

Note that agent i does not know the actual beliefs of

agent j. However, due to the assumption of common and

equal priors, agent i is able to reason about agent j’s

hypothetical interpretation updates given that the system is

in a specific thread. Thus, agent i is able to compute (11)

without knowing j’s exact beliefs.

Example 8 (Trains continued) We can use a point fre-

quency function to express beliefs about the punctuality of

trains. Assume that both A and B judge the probability of a

train running late (i.e., arriving after 3 instead of 2 time

units, expressed through the temporal rule r
pfr
3 ) as being at

most 0.4. This yields the following belief formulae

B
0;0:4
i;0 r

pfr
3 ðatðT1;CAÞ; atðT1;CCÞÞ

� �

B
0;0:4
i;0 r

pfr
3 ðatðT2;CCÞ; atðT2;CBÞÞ

� � ; i 2 fA;Bg:

One can easily verify that these formulae are satisfied by

the interpretation given in Example 6.

To illustrate the evolution of beliefs, we finish the

example with an analysis of expected arrival times.

Example 9 (Trains continued) From the interpretation

given in Example 6, we can infer that Bob (and of course

Alice, too) can safely assume at time 1 that Alice will

arrive at time 8 at the latest (i.e., the actual thread is one of

Th 1; . . .; Th 5) with a probability in the range [0.9, 1]

because from Definition 10 we obtain that the following

belief holds for t ¼ 1:

BBob;t � B
0:9;1
B;t r

efr
8 ðonðT1;AÞ; ðatðT2;CBÞ ^ onðT2;AÞÞ

� �
:

ð12Þ

Now, consider the previously described situation, where T1
is running late and A does not inform B about it. This leads

to the updated interpretations given in (5) and (6). These

updates lead to a significant divergence in the belief of the

expected arrival time: Alice’s belief exhibits a drastically

reduced certainty and changes to

B
0:4;1
A;3 r

efr
8 ðonðT1;AÞ; ðatðT2;CBÞ ^ onðT2;AÞÞ

� �
; ð13Þ

while Bob’s previous belief (12) remains valid.

Even though Alice’s beliefs have changed significantly,

she is aware that Bob maintains beliefs conflicting with her

own, as is shown by the following valid expression of

nested beliefs:

B
0:6;1
A;3 ðBBob;3Þ ð14Þ

Finally, consider the situation where everything is as

described before with the only difference that Alice now
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shares her observation of the delayed train with Bob. It

immediately follows that Bob updates his beliefs in the

same way as Alice, which in turn yields an update in

Alice’s beliefs about Bob’s beliefs so that (14) is no longer

valid.

This example shows how Alice can reason about the

influence of her own actions on Bob’s belief state and

therefore she can decide on actions that improve Bob’s

utility (as he does not have to wait in vain).

4 Problem Representations in PDT Logic

Two alternative approaches to represent problems in PDT

Logic are available. The first approach requires an

exhaustive specification of all possible threads (cf. Fig. 1

from the previous section’s train example). If such a

problem specification is given, satisfiability can be checked

in a single pass through a straight-forward application of

the given semantics. Thus, for a fixed set of threads, the

resulting decision procedure’s time complexity is in

PTIME.

While there are some problem domains where exhaus-

tive thread specifications are available (e.g., when analyz-

ing attack graphs in cyber security scenarios, cf. [17]), in

most cases such a representation is neither available nor

easy to derive. Therefore, in [16] we have developed an

alternative problem specification that does not rely on a

fully materialized set of all possible threads. Informally

speaking, this representation takes a set B of PDT Logic

belief formulae to specify how the target domain may

evolve over time. From this set, we can employ heuristic

search strategies to find a model that proofs satisfiability

without having to materialize every possible thread. While

the worst-case complexity of this problem is in EXP-

SPACE, many problems can be decided with considerably

small computational effort by heuristically guiding the

search for possible models.

Now that formal syntax and semantics for PDT Logic

are established, we can return to the Three Prisoners Puzzle

from Example 1 to give an intuition about problem speci-

fications through a set of belief formulae.

Let us assume that at time point 1 the jailer responds to

a’s question and at time point 2 the executions will be

carried out. Let A,B, and C be the respective events that

prisoners a, b, and c will survive. Then, a’s initial beliefs

about these events can be expressed as

B1 ¼ B
1=3;1=3
a;0 ðA2Þ; B

0;2=3
a;0 ðB2Þ; B

0;2=3
a;0 ðC2Þ

n o
: ð15Þ

The story continues and the jailer indeed gives the name of

one man, either b or c, who is going to be executed.

Assuming that Obsaðrð:BÞÞ models the jailer’s response

that b is going to be executed (and accordingly for c), we

obtain the additional formula

B2 ¼ B
1;1
a;0ðObsaðrð:BÞÞÞ1 _ Obsaðrð:CÞÞÞ1

n o
: ð16Þ

To model the facts that the jailer answers truthfully, and

that only one of the three prisoners can survive, we use the

following formulae, respectively:

B3 ¼ B
1;1
a;0ðr

pfr
1 ðObsaðrð:XÞ;:XÞÞÞ; B

1;1
a;0ðr

pfr
0 ðA;

n

:ðB _ CÞÞ ^ r
pfr
0 ðB;:ðA _ CÞÞ ^ r

pfr
0 ðC;:ðA _ BÞÞÞ

o
:

ð17Þ

Combining the sets B1; . . .B3 then gives us a complete

problem specification B.

From this set B, we can derive a set of representative

threads and corresponding linear constraints for the

respective probabilistic interpretations. As the resulting

representation is beyond the space limits of this work, we

simplify the example such that events A, B, and C, are

equally likely, i.e., we replace (15) with

B0
1 ¼ B

1=3;1=3
a;0 ðA2Þ; B

1=3;1=3
a;0 ðB2Þ; B

1=3;1=3
a;0 ðC2Þ

n o
: ð18Þ

Of course, with this adjustment we are not working with

imprecise probabilities any longer. Still, this example

serves to illustrate the following procedure and enables a

significantly reduced presentation.

After hearing the jailer’s response, the number of

potential survivors decreases from 3 to 2, which in turn

might lead a to believe (incorrectly!) that his chance of

surviving increases to 1/2, regardless of the jailer’s actual

answer. While this update might appear reasonable at first

glance, the result is somewhat puzzling: even though a has

not received any significant new information (as he already

knew that b or c is going to be executed), his beliefs are

altered. As pointed out for example in [9], this result is due

to updating in the naive problem space, while a correct

representation in a sophisticated space will leave a’s

beliefs about his own survival unchanged. By creating a set

of threads induced by B, we illustrate that probabilistic

updates in PDT Logic do not suffer from problems induced

by naive conditioning.

From B, we obtain the following set of threads:

Th1

Th2

Th3

Th4

Obsa(r(¬B))
Obsa(r(¬B))
Obsa(r(¬C))
Obsa(r(¬C))

¬A,¬B, C

A,¬B,¬C
¬A, B,¬C
A,¬B,¬C

Ia,0(Th1) = 1/3

Ia,0(Th2) = 1/6

Ia,0(Th3) = 1/3

Ia,0(Th4) = 1/6

t 1 2

In this model, the prior interpretations Ia;0 for threads
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Th 1; . . .Th 4 correctly represent the beliefs specified in

(18). Then, regardless of the jailer’s actual answer at time

1, a will disregard exactly two (either Th 1 and Th 2 or Th 3

and Th 4) of the given threads. Then, two threads remain,

such that A holds in one of these threads (Th 2 or Th 4), and

:A in the other. Independently from the actual response at

time 1, updating the probabilistic interpretations according

to (4) then results in the unchanged belief B
1=3;=13
a;1 ðAÞ.

Without going through all technical details discussed in

[16], this small example provides some intuition on how to

derive a set of threads from a given set of belief belief

formulae B. Furthermore, this example shows that proba-

bilistic updates in PDT Logic yield desired results without

running into pitfalls such as in the Three Prisoners Puzzle

or the Monty Hall Problem.

5 Further Contributions

Next to the two alternative decision procedures, in [15] we

have also formalized abductive reasoning for PDT Logic.

As described before, we can provide a set of belief for-

mulae B to model a specific problem. Then, we can check

if and how it is possible to induce a certain goal belief G

for some agent. The core idea of abduction in PDT Logic is

that (i) a set of belief formulae B spans a set of of possible

threads and (ii) the belief state of an agent can only be

influenced through observations of the respective agent.

Thus, we have shown in [15] how to construct a hypothesis

space for the abduction problem automatically from a set of

belief formulae B. Based on the decision procedure for B,

we have provided a sound and complete algorithm to find a

minimal solution to the abduction problem. Deciding

whether an instance of the abduction has a solution is RP
2 -

complete [15].

The methods discussed so far are only able to represent

problems with finite time frames. In [13] we have devel-

oped an extension that enables the use of PDT Logic to

reason about infinite streams of possible worlds under

certain conditions. For this, it is required that the modeled

domain can be represented through a stream that is aperi-

odic (i.e., states can occur at irregular times) and positive

recurrent (i.e., every state has a finite mean recurrence

time). Then, we can represent this stream as a sequence of

finite-length segments and a transition model to represent

the transition probabilities from one segment to the next.

Within the resulting infinite stream of possible worlds, we

can define arbitrary finite time windows and then use the

segment and transition model to obtain a set of all possible

threads within this time window. Based on this set of

threads, we can then carry out satisfiability checks as

described before.
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