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MUNSTER Exact Inference: LVE
Contents
1. Introduction 5. Lifted Learning

Parameter learning
Relation learning

Artificial intelligence
Agent framework

* StaRAl: context, motivation * Approximating symmetries
2. Foundations 6. Lifted Sequential Models and Inference
* Logic * Parameterised models
* Probability theory e Semantics, inference tasks, algorithm
* Probabilistic graphical models (PGMs) 7. Lifted Decision Making
3. Probabilistic Relational Models (PRMs) * Preferences, utility
e Parfactor models, Markov logic networks * Decision-theoretic models, tasks, algorithm
* Semantics, inference tasks 8. Continuous Space and Lifting
4. Lifted Inference * Lifted Gaussian Bayesian networks (BNs)
* Exact inference e Probabilistic soft logic (PSL)

Approximate inference, specifically sampling

T. Braun - StaRAl 2



—  — wwu

. M N STER Exact Inference: LVE

Inference Tasks

* Query Answering Problem (as before) * Model: either parfactor model or MLN

« Compute an answer to a query P(S|T)
given a model G representing the full joint
probability distribution P,

e Avoid grounding (parts of) G
* E.g,

 P(Treat(eve,my))

 P(Travel(eve), Epid)

* P(Sick(eve)|Epid)

 P(Epid|Sick(eve) = true)

* P(#g|Epid(E)])

* P(#p|Epid(E)] = [2,2])

10 Presents(X,P,C) = Attends(X,C) \

3.75 Publishes(X,C) A FarAway(C) = Attends(X,C) \

T. Braun - StaRAl 3
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Outline: 4. Lifted Inference

A. Exact Inference
i. Lifted Variable Elimination for Parfactor Models
* |dea, operators, algorithm, complexity
ii. Lifted Junction Tree Algorithm
* Idea, helper structure: junction tree, algorithm
iii. First-order Knowledge Compilation for MLNs
* Idea, helper structure: circuit, algorithm
B. Approximate Inference: Sampling
* Rejection sampling
e (Lifted) likelihood sampling
e (Lifted) Markov Chain Monte Carlo sampling

Exact Inference: LVE

T. Braun - StaRAl



—  — wwu

. M N STER Exact Inference: LVE

Remember: Variable Elimination (VE)

e Outline:
1. Absorb evidence t in each factor covered by ¢, i.e., rv(f) Nt # @,
2. Sum out non- query variables U = R \ rv(S, t) using factorisation in model F

P(S|t)—— Z Pp(S,t,U = u)

uEran(U)

s> ot

ueran(U) feF
TTru(f) (S, t,U = U)

* Factor out factors from sums if arguments not covered by sum
3. Divide by P(t) = Normalise P(S, t)
e Example: P(Travel) in F = {f;};_,

T. Braun - StaRAl 5
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MUNSTER Exact Inference: LVE

Remember: Variable Elimination (VE): Example
P(Travel)

x z z z z z Pr(E =e,N=n,A=a,S =s,Travel,T =t)

eeVal(E) nevVal(N) aeVal(A) seVal(S) teVal(T)

<> S S S S [Tamern

eeVal(E) neVal(N) aeVal(A) seVal(S) teVal(T) i=0

x z z Z Z z do(e)p,(e,n,a)p,(Travel, e, s)p;(e, s, t)

eeVal(E) neVal(N) aeVal(A) seVal(S) teVal(T)

o< Z ¢po(e) Z Z p1(e,n,a) Z ¢, (Travel, e, s) Z Ps(e, s, t)

eeVal(E) l neVal(N) aeVal(4) : seVval(s) teval(T)

Sums can be computed independently — could be done in parallel

J

T. Braun - StaRAI E £ Epid,N £ Nat,A £ Acc,S £ Sick,T £ Treat 6
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MUNSTER Exact Inference: LVE

What Happens During Variable Elimination Given Relations?

PEpid e« ¢pids) - Y ¢(Epids) e ) G(Epid,sy)

s1€ran(Sick(x1)) sp€ran(Sick(xz)) sn€ran(Sick(xn))

= ¢'(Epid) - ¢' (Epid) - - ¢'(Epid) = (¢ (Epid))"

n times

P(Epid) « < z ¢ (Epid, Sick(x) = s) )‘ = (qb’(Epid))n

seran(Sick(x))
# of X relative to Epid

Representative for X in ¢(Epid, Sick(X))

T. Braun - StaRAI 7
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MUNSTER Exact Inference: LVE

Lifted Variable Elimination (LVE)

e Qutline:
1. Absorb evidence t in each parfactor g covered by t, i.e., rv(g) Nt # @, in a lifted way,
2. Eliminate non- query PRVs U = R\ rv(S,t) in a lifted way in model G

P(S | t) = D z Pg (S t,U = u) Lifted operators for
uEran(U) « Summing out
1 e Multiplication
p— z 1_[ Pg (Rl' ,) * Absorption of ¢
uEran(U) geG ' — Lifting operators of LVE

T[T‘U(f) (S, t! U - u)
* Factor out parfactors from sums if arguments not covered by sum B = oL

* May require manipulation of constraints as at least constants the main operators above
appearing in query are distinguishable necessary

3. Divide by P(t) = Normalise P(S, t)

T. Braun - StaRAI 8
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MUNSTER Exact Inference: LVE

LVE in Detail

» Example: P(Travel(eve)) in G = {g;};-,

* Pre-processing:
Split all parfactors whose constraint contains constants occurring in query terms: eve
* If parameterised query P(A|C): split parfactors based on C

Called shattering

So, we need a formal split operation to split of (set of) constants X € {alice, bob)

T. Braun - StaRAI 9
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Equivalent Ground
Eliminations

* Let us concentrate

on alice, bob parts
first

X € {alice, bob)

f2

Travel.alice f2 3
CTravelalice = : il :

Treat.alicem, Travel.eve m Treat.eve.m,

Travel.bob

u
€

T. Braun - StaRAl 10
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MUNSTER

Equivalent Ground

Eliminations

 Eliminate
variables

e Sum out

* Multiply f5 results
over same arguments

X € {alice, bob)

Travel.bob

Travel.eve Treat.eve.m,

T. Braun - StaRAl 11
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MUNSTER

Equivalent Ground
Eliminations

 Eliminate
lifted

e Sum out representative

* Exponentiate result
with # of M's for each X

X € {alice, bob)

f2 f2

pld
f?,” (fr 2 r — (f?,,)z
Travel.alice Travel.bob
T reat.ev w

e. m1
Travel.eve Treat eve.m,

T. Braun - StaRAl 12
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Equivalent Ground
Eliminations

Preconditions for lifted sum-out operator T w
92 g3

* PRV contained in only one parfactor (like in VE)

e Operation eliminates the same number of X € {alice, bob)
instances for each remaining instance
(then all have the same exponent; otherwise:
split operation as for shattering)

f2 f2

Travel.bob
w Treat.eve.m,
- CSickbob >

Epid

<>

T. Braun - StaRAI 13
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MUNSTER

Equivalent Ground

Eliminations

 Eliminate
variables

e Sum out

e Eliminate
lifted

e Sum out representatlve
f2 fz

pld
f?,” (fr 2 r — (f?,,)z
.w Treat.ev w.

e. m1
Travel.eve Treat eve.m,

X € {alice, bob)

T. Braun - StaRAl 14



Equivalent Ground
Eliminations
* Eliminate
« Multiply £, f3 into f,5
* Sum out from f,3

* Multiply f,5 results

leé = (les)

f2 Epid

X € {alice, bob)

f2

fas = (f)2
n

f2 3
(1 [ Treat.eve.m, L]

Travel.eve m Treat.eve.m,

T. Braun - StaRAl
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Equivalent Ground
Eliminations 9o
e Eliminate

lifted

e First: X € {alice, bob)
* Multiply g4, g3 lifted
 Then, eliminate

Nat.flood [ [ @
lifted Formal lifted multiply operator
0

"no_ I \2 :
e Sum out representative faz = (s} @  Open question: What
e Exponentiate result happens if both parfactors

with # of X’s for Epid (@)

represent different number
of groundings?

Treat.eve.m,

T. Braun - StaRAI 16
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MUNSTER

Equivalent Ground

Eliminations

 Eliminate
variables

e Sum out variables

Cacemual>

 Multiply results over
same arguments

* Multiply f,, f35' for eve
* Sum out

Travel.eve m

T. Braun - StaRAl
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Equivalent Ground

Eliminations

 Eliminate
lifted,

Sum out representative of

Exponentiate with 2

Multiply g,, g3
e Sum out

<(_Nat.flood ; ;‘
fz’é=(fz'3) ‘

Travel.eve

T. Braun - StaRAl
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Equivalent Ground

Eliminations

* Eliminate ,
variables

e Start with

e Multiply f7, f1 over
Acc.chem, Acc.nucl

e Sum out
e Same for
* |dentical result

* Multiply identical results
into f7
* Sum out

Travel(eve)

Travel.eve

T. Braun - StaRAl
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Equivalent Ground

Eliminations

e Eliminate ,
lifted

* Problem:
Neither contains all
logical variables of g,

e Solution: Ground I?
 Eliminate

Travel(eve)

Formal ground-logical variable
operation
e As a last resort operation

faz = (f23)?
. ]
* Eliminate ,

* Form of split operation,
splitting off all constants

* But: local symmetries,
encode in histograms

e Better solution: Count I!

T. Braun - StaRAI 20
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Equivalent Ground

Eliminations

e Eliminate Nat(D),
Acc(]) lifted

* Count]inAcc (1) Lifted sum-out operator addendum
e CRV #;|Acc(1)] « Sum-out operation needs to be

e Eliminate Nat(D) able to handle CRVs correctly

lifted .
Formal count conversion operator
* Sum out representative fos = (f2'3 /i « Number of instances of logical
* Exponentiate with variable to count identical for
#of D’s all instances of other logical
e Eliminate #I[ACC(I)] variables in parfactor

e Sum out while (to have identical histograms)

. Logical variable to count
semETelEring Mul(H) appears in only one PRV
Travel.eve

T. Braun - StaRAI 21



Equivalent Ground
Eliminations Yo
* Eliminate

* l|dentical in both cases
* Multiply all remaining factors into f
* Sum out

e (Multiply remaining factors) e
* Here only one factor f"' T

e Normalise result
— [t = P(Travel(eve))

fa3 = (fz'g)

Travel(eve)

Travel.eve

T. Braun - StaRAl 22
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& (Travel (eve))

DI NEND D WD D NP D I

e€Val(E) aeVal(#;[Acc(I)]) neVal(N) sgeVal(S,) ttp,eVal(Tt,) seVal(S) treVal(Tr) tteVal(Tt)

o Z bo(e) ¢$,(e,n, a))

eeVal(E) aeVal(#;[Acc(D)]) <neVal(N)

X € {alice, bob)

Lifted operators for
* Summing out

2
¢2(T7‘al7€l,e,se)< z ¢3(e,se,tte)> * Multiplication

SeE€Val(S,) ttoeVal(Tt,) e Absorption of t
— Lifting operators of LVE
P, (tr,e,s)
seVal(s) treval(Tr) Lifting operators to enable
2 the main operators above
< z $s(e,s, tt)) necessary
tteval(Tt)

T. Braun - StaRAl E 2 Epid,N 2 Nat(D),A 2 Acc(I),S £ Sick(X),Tt 2 Treat(X,M),Tr £ Travel(X); subscript e for eve 23
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Lifted Operators and
Their Preconditions

Preconditions for lifted sum-out operator
PRV contained in only one parfactor (like in VE) Formal lifted multiply Formal count conversion operator
operator  Number of instances of logical
« Operation eliminates the same number of * Open question: variable to count identical for
instances for each remaining instance What happens if all instances of other IOgiCH'
(then all have the same exponent; otherwise: both parfactors variables in parfactor

split operation as for shattering) represent different (to have identical histograms)
number of Logical variable to count
Lifted sum-out operator addendum groundings? appears in only one PRV
* Sum-out operation needs to be
able to handle CRVs correctly

Formal ground-logical variable operation
* As a last resort operation
So, we need a formal split operation to split of (set of) constants * Form of split operation, splitting off all constants

T. Braun - StaRAl 24
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MUNSTER

Count Normalisation

* For the different possible groundings of common logical variables X¢°™, the same number
of groundings of exclusive logical variables X¢*¢! exist

« XXl contains logical variables that are eliminated
during a sum-out operation or the logical variable to count

e Trivial if X°™ = @:
* E.g,
o (X, Cx) = (X)), {(x1), oo, (xn)})
o XM = [p(Epid) = @
« Xoxl = [y(Sick(X)) \ 0 = {X}

* For each possible grounding of Epid, which is just one,
namely Epid, there are n groundings of X

* One lifted sum-out operation replaces n ground operations

T. Braun - StaRAl 25
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. M N STER Exact Inference: LVE

Formal Definition

* More general: Given a constraint (X, Cy), the same number of groundings of Y € X exist
for the different possible groundings of Z € X \ Y, with X the set of X’

e Count function:
Given a constraint (X, Cy), forany ¥ € X' and Z € X \ Y, the function county;(t) :
Cy — Nis defined by

county|z(t) = |T[y(Cx D4 ﬂz({t}))|

e Count-normalisation:
Y is count-normalised w.r.t. to Z iff 3n € N s.t.
Vt € Cy : county|z(t) =n

* Conditional count of Y given Z, denoted ncounty|Z((X, Cx))

T. Braun - StaRAl 26



Exact Inference: LVE

Example

» countyz(t) = |my(Cy > mz({t}))]

* E.g,
s X =W M)
. ¥ ={M}

e Z=X\Y = {X)
* With a = alice,e = eve,b = bob : Cyx = {(a,m,), (e,my), (e,m,), (b,m;), (b,m,)}

countM|X((a, mz)) CountM|X((e, ml))
nx({(a,mz)}) = {(a)} nx({(e,my)}) = {(e)}
Cxm % {(a)} = {(a,m;)} Cxm ™ {(e)} = {(e,my), (e, m,)}
my({(a,my)}) = {(my)} my ({(e, my), (e,m3)}) = {(my), (M)}
[{(m2)} =1 [{(my), (m3)} = 2 Adding (a,m,) to Cy leads to

countyx((a,m,)) = 2
e Not count-normalised: 1 # 2

— M is count-normalised w.r.t. X

T. Braun - StaRAl 27
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Lifted Summing Out

e Summing out transforms the current model G Preconditions for lifted sum-out operator

e Removes a PRV from rv(G) * PRV contained in only one parfactor (like in VE)
* Effecton Ioglcal variables : e Operation eliminates the same number of
* Number of logical variables decreases over the instances for each remaining instance
whole LVE run for one query (then all have the same exponent; otherwise:

e Until only propositional random variables and split operation as for shattering)

CRVs (counted logical variables are bound) are left

. o i Lifted sum-out operator addendum
— Standard variable elimination Vv R T B A

* Preconditions act as a filter on possible able to handle CRVs correctly
sum—out operations

T. Braun - StaRAI 28
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MUNSTER

Lifted Summing Out: Operator

Multinomial coefficient to

* Inputs: o
eliminate CRVs correctly

* Parfactor g = ¢p(A) ¢, € = (X, Cx)

* PRV A; occurring in A for summing out
* Preconditions:

1. VBerv(G\{g}) : gr(B|C) N gr(Ain’Cx)) =0

2. VXEe{X||ngy(Cx)|>1}:X € lv(4;)

3. X = w(A) \ (X \ lv(4)) count-normalised w.r.t. XO™ = [v(A;) N X in C: 7 = ncount yexct|ycom (C)
* Output: ¢'(A')|cr with €' = (ﬂXcom(X),ﬂXcom(Cx))

e A'=(A4 ...,4;_1) o (4;4q, ..., Ay) (concatenation of two sequences)

* For each assignmenta’ = (...,a;_1,a;+1,...)to A’,i.e.,,Va' € ran(A")

¢'(..,q;_1,a41, ...) = ( Mul(a;)¢p(...,a;_1,a;, Qj1q, - ))

nl

Mul(a;) = {17, n;!

r

aieran(4;)
* Postcondition: P\ (gyuisum—out(g,4,)} = ZQT(AHC) P,

T. Braun - StaRAl 29
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Lifted Multiplication

e Operator for multiplication as an "enabler” for sum—out operator Formal lifted multiply
* Precondition 1: PRV to sum out may only appear in one parfactor GRETaton :

. g £ * Open question:
Multiply two parfactors T
 Still a join of over arguments and a product of potentials both parfactors

represent different
number of
groundings?

e Since two parfactors represent two (different) sets of grounded factors,
lifted multiplication has to work as a representative multiplication for
those two sets

* Easy case:
1-to-1 correspondence between groundings of those parfactors

* But, what happens if the number of represented factors differ?
e 1-to-m correspondence

* n-to-m correspondence

T. Braun - StaRAI 30
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Lifted Multiplication: Trivial Case

* 1-to-1 correspondence between the ground factors of each parfactor
* Eg, $1(S(X)) - 2(SCO, AM)) Si(S(X) . GaSX),AX))  mukipteaion  63(S(X), A(X))

01(S(x))) goerepp P2(S(2y), Alzy)) oo > O3(S(xy), A(zy))
: Mul(!i:;;::.::?mm:
¢|(S(J'n)) Q.D ¢2(S(xn)o A(Iu)) """"""" > Qg(s(-f,.). A(:n))

Each grounding of X
in gr (<l51 (S(X))) o S@) Azy) S(xy) 6  A(x)

Q O , O eerinnnnenn. .O_D_O

interacts with 1

corresponding
grounding of X in : Ground
. Multiplications

ar (¢2(5C0), AC)))

¢| S(.'l".) ¢2 A(In) S(I") ¢3 A(.’!‘,.)

T. Braun - StaRAI Figure taken from: Nima Taghipour, Daan Fierens, Jesse Davis, and Hendrik Blockeel: Lifted Variable Elimination: 31
Decoupling the Operators from the Constraint Language. In: Journal of Artificial Intelligence Research, 2013.



e wwu Exact Inference: LVE
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Lifted Multiplication: More General

* ]-to-m correspondence between the ground factors of each parfactor
necessary

+ Eg, $.(SCO) - ,(SX), F(X, 7))

ift
S(S(X) -  GSIXLF(X.Y)) Satmer [0, 6u(S(X)V™ - 6x(S(X),F(X,Y)) Muliipieations  63(S(X), F(X.Y))

Each grounding of X in
= S 02S(@1), Fz,m)) S1(S(x))/m g - o $2(S(x1), Flzi,m)) oo > ( 63(S(z1), Flz1,m))
gr (qbl (S(X))) interacts [EEEACIEN) INENIR o Tomen 1 ; :
with m corresponding $2(S(x), F(Z1,¥m)) (S(x)))V"g. ..o P2(S(31), F(Z1,Ym)) > | &a(S(x1), F(z1,¥m))
Ground
groundings of X,Y in Multigieatons
gr (¢2 (S(X); F(X, Y))) ¢2(S(zxn), F(zn, 1)) 61(S(zn))"g. . p®2(S(xn), F(za, 1)) - .OJ(S(:!!)- F(zu,m1))
¢I(S(:n))o'> ' Scaling ¢ - ‘ ‘

%(S(In),l"(lmvm)) ¢l(s(1'n))l"""q. ..... >¢~;(S(I,.), F(Invym)) .......... > oJ(b(Iﬂ)'l.(-rn'Vm))

Figure taken from: Nima Taghipour, Daan Fierens, Jesse Davis, and Hendrik Blockeel: Lifted Variable Elimination: 32
Decoupling the Operators from the Constraint Language. In: Journal of Artificial Intelligence Research, 2013.

T. Braun - StaRAl
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Lifted Multiplication: General Case

* n-to-m correspondence between the ground factors of each parfactor
necessary in both directions
* Eg, ¢1(S(X), T(X,2)) - ¢,(SC), F(X,Y))
o dom(X) = {xq, ..., xx},dom(Z) = {z4, ..., zp,},dom(Y) = {yq, ..., Vi }
* Each grounding of X, Z in ¢4 interacts with m groundings of X, Y in ¢,
* Each grounding of X, Y in ¢, interacts with n groundings of X, Z in ¢4
e Scaling:

1 n

1 1
| [(e:sen, )™ | [ (ea(se0, Pt )"

i=1 i=1

— 1z

Exact Inference: LVE

T. Braun - StaRAl
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MUNSTER

Lifted Multiplication: Operator

Operator does not assume that

* Inputs: logical variables with the same

* Parfactor g; = ¢1(Aq)|c,, C1 = (X1, Cx,)

* Parfactor g, = ¢(A2)c,, (2 = (XZ,CXZ)
* One-to-one substitution 8 = {Z; — Z,} between the logical variables of the shared PRVs in g; and g,

* Preconditions:
* Fori=1,2:Y; =X;\ Z; count-normalised w.rt. Z; in C;, with X; the set of X, i.e., ; = ncounty,z.(C;)
exists
* Output: ¢p(A)|c with € = (26,0 » X3, Cx 9 ™ sz)
e A= cfl19 X 042
* For each assignment a to A, witha; =4 ¢(a) and a, = T4
1

applicable constants share the
same name

20 (a)

d(a) = (¢1(a1))5' (¢2(a2))r_1
 Postcondition: G~G \ {g, 9.} VU {multiply(g,, g,,0)}

T. Braun - StaRAl 34



—  — wwu

MUNSTER Exact Inference: LVE

Lifted Multiplication: Example

g1 09y = gbl(Sick(X)) : qbz(Sick(X), Treat(X, M)) = qb(Sick(X), Treat(X, M))
e T constraints with |D(M)| = 2
e 1-to-m

1 o
* X, =W(g,) ={X} false i 17 = ;/T — 1
— — true 7 — —
© X, = w(gy) = (X, M} FRTARACEINERREE, d=yi=2
P4 = lv(SiCk(X)) =¥} =7, § false true 1-
* Noalignment necessary true false 2 Sick(X) Treat(X,M) &,
. Zgu?t)&)r\mzallis:ed@w rt. Z, = {X} true e | 2 | false jakist :
- slale 1 - :
Tsick(x),Treat(x,M) | false true 6
* Y, =X,\7Z;, ={M} f
count-normalised w.r.t. Z, = {X} true false 7
* Scaling necessary: r, = ncounty, |z, (C;) = 2 true true 8

T. Braun - StaRAl 35
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Count Conversion

* Counting a logical variable binds a logical variable, i.e., removes F o1 eellm el = aite e 1= eiiels

logical variable from the logical variables of the parfactor * Number of instances of logical
variable to count identical for

° Bg, _ all instances of other logical
* g1 = ¢1(Epid, Nat(D), Acc(I)) — lv(g,) = {D, I} variables in parfactor
« g1 = ¢1(Epid, Nat(D), #;[Acc(I)]) — lv(g;) = {D} (to have identical histograms)

Logical variable to count
appears in only one PRV

* Helps with Precondition 2 of summing out!

* Precondition 2: PRV to sum out has to contain all logical variables of
parfactor

* Operator count—convert
e Count a logical variable — convert a PRV into a (P)CRV
* Works as an “enabler” for sum—out operator
* Preconditions for count—convert as well

T. Braun - StaRAI 36
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Count Conversion: Operator

* |nputs:
* Parfactor g = ¢(A) ¢, C = (X, Cx)

Preconditions:

1.
2.

3.
* Output: ¢'(A')|c

* A = (A, ..., Aj—1) © (4D © (Aig1, -, An), A; = #x[A{]
* For each assignmenta’ = (...,a;_1,h, aj4+q,...) 1o A’,

Logical variable X occurring in X for counting : : :
No inequality constraint between X and

any other counted logical variable X#

There is exactly one PRV 4; € rv(g) s.t. X € lv(A)
X is count-normalised w.r.t. X \ {X}in C

For all counted logical variables X* in g: Ty x#(Cx) = Tx (Cx) XMy (Cx)

¢’( » Ai-1, h’ Ai+1, ) = ¢( yAj—1, A, Ajyq, - )h(ai)

a;eran(4;)
» With h(a;) denoting the count of a; in histogram h

* Postcondition: G~G \ {g } U {count—convert(g, X)}

Exact Inference: LVE

T. Braun - StaRAl
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Count Conversion: Example

Epid Nat(D) #;[Acc(I)] ¢;
false false

* From ¢ (Epid, Nat(D),Acc(I))
* To ¢p1(Epid,Nat(D), #;[Acc(I)])
* Preconditions fulfilled

* [ occursonlyinAcc(I)

 [iscount-normalised w.r.t. D in

((D, 1), dom(D)xdom(I))

* No other counted logical variable

* Converting Acc(I) into #;[Acc(I)]

Qb’ ( ) ai—l' _'_Cf'l'_'tl_’_'_' '_)_ ___________ true true

— :¢( y Ai_1,Aj, Aj11, - ): (@) true  true

false false
false false

false true

Epid Nat(D) Acc(l) ¢,

false false

false false true 2

false true

false true

true false false true

true false false true true 4

true false true false

true false true 6

true true

[ e A

(o) oo lN ook o) N o)W e N B I B S NS [\

true true true true true 8

T. Braun - StaRAl 38



— " — WWU

MUNSTER

Generalised Counting

e Count conversion as discussed here, first introduced by Milch et al. (2008)
e Generalised counting by Nima Taghipour et al. (2013)
1. Count logical variables that appear in more than one PRV

* Eg, 9(Q(X), R(X),S(Y), T(Y))
= ¢ (#x[Q(X), R(X)], S(YV), T(Y))

2. Merge CRVs with counted logical variables of the same domain

* E.g., p(#x[Q(X), R cx and p(#y [Q(Y), RO v with gr(X cx) = gr(Y cv)
= d(#Hx[Q(X), R(X) )¢

3. Merge-count a PRV and a CRV with an inequality constraint

 E.g, gb(#X[Q(X)],R(Y))C with C encoding X # Y
= ¢(Hx[QX), R(X)] )¢

Exact Inference: LVE

Brian Milch, Luke S. Zettelmoyer, Kristian Kersting, Michael Haimes, and Leslie Pack Kaelbling: Lifted Probabilistic
B StaRAI Inference with Counting Formulas. In: AAAI-08 Proceedings of the 23rd AAAI Conference on Artificial Intelligence, 2008.
- Braun - ota Nima Taghipour and Jesse Davis: Generalised Counting for Lifted Variable Elimination. In: ILP-13 Proceedings of the
International Conference on Inductive Logic Programming, 2013. (or in Nima Taghipour’s PhD thesis)
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Splitting

* Need splitting for So, we need a formal split operation to split of (set of) constants
e Shattering of query terms and evidence

 Precondition 1 of sum—out operator: PRV A under (X, Cy) only occursin g
* Formalism is very flexible in terms of constraints

© B8, ¢ (R (X))(X,{X1,x2,X3}) 1B, 0 (R (X))(X,{X1,XZ,X3,9C4X5})
e Split parfactor s.t. the set of constants occurring in constraints for a logical variable are
either identical or disjoint
* |.e., no overlaps between sets of constants per logical variable

* E.g., split ¢, (R(X)) into

(X,{x1,%2,%3,X4X5})

* 2R ))<x,{x1,x2,x3 )
* $2(R(X ))(x,{x4x5}>

T. Braun - StaRAl 40
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Splitting on Overlap

Exact Inference: LVE

e Splitting a constraint C; = (Xl, Cxl) on its Y-overlap with a constraint C, = (JCZ, sz),
denoted C; /yCy, partitions Cy, into two subsets containing all tuples for which the Y part

occurs or does not occur, respectively

C1/yCy =+

e Parfactor partitioning
Given a parfactor g = ¢(A) | and a partition C = {C;};. =1 of C,

partition(g, C) = {¢(A)c, }

(G0, {e € G, Tmy((eh € mv(c)})|
(e, {t € Cx, |y () € my(Cx,)}) ]

Part shared with C,

Remaining part

T. Braun - StaRAl
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Splitting on Overlap: Example

+ Consider p(R(X), T(X,Y))

* (; = ((X» Y), {x1, %3, X3, x4, xS}X{Y1»3’2})
¢ Cz — ((X), {xl,xz,xg})
* Splitting C; on its Y = {X}-overlap with C,

[<(X’ Y), {t € Can | mx({th) € {xl,xz,xg,}})\ (X, Y), {1, %2, x33x{y1, ¥2})
C1/yCs = o L = { }

(061, (¢ € Con I maleh) € Gyl | L (01D, Lraxs ety 320)

* Partitioning ¢(RX), T(X,Y))

- 1((X,7),x1,2,23}x{y1,¥2})
partition(g, C;/yC,) =
(RO, T(X,Y))

| ((X,Y),{?C4_,X5 }X{YLYZ })

T. Braun - StaRAl 42
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Splitting: Operator

* |nputs:

* Parfactor g = ¢(A) ¢, € = (X, Cy)
« PRVA = R(Y) occurring in A

* PRVA' = R(Y), or #,[R(Y) |
Precondition: none

Output:

partition(g,C),C = C/yC' \ @

Postcondition:
G~G \ {g} U split(g, 4, A")

T. Braun - StaRAl 43
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Splitting: Example
* Inputs:
* Parfactor qb(R(X)»T(X' Y))|c

* (= ((X» Y), {xl,xz,x3,x4,x5}><{y1,y2})
« R(X)

y R(X)|62'C2 = ((X),{xl,xz,x3})
* Qutput:

¢(R(X), T(X,Y))
¢(R(X), T(X,Y))

partition(g, C, /yC,) = (X1 x2x3)%(1,72))

| ((X,Y),{X4,x5 }X{YLJ/Z})

T. Braun - StaRAl 44
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Other Operators

* Further “enablers” of lifted summing out all are variants of splitting on overlap and partitioning
* Splitting of CRVs: Operator called expand
* More complex as histograms have to be split
* E.g., ahistogram [1,3] for {x{, x,, x5, x,} may have to be split on {x;, x,}
e Count-normalisation: Operator called count—normalise

* Split a constraint s.t. in the set of resulting constraints, each constraint is count-normalised w.r.t. to
desired Y;|Z; property

e Group sets of constants by the different counts ncountYdZi(Ci) they yield
* Grounding — the last resort: Operator ground as expected
e Splitting on individual constants

e More information:

Nima Taghipour, Daan Fierens, Jesse Davis, and Hendrik Blockeel: Lifted Variable Elimination: Decoupling the Operators from the Constraint
Language. In: Journal of Artificial Intelligence Research, 2013. (or in Nima Taghipour’s PhD thesis)

T. Braun - StaRAl 45
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Lifted Absorption
e Remember: Observations for Sick(X)
Sick(x;) = Sick(x,) = --- = Sick(x,y) = true

* Observations for groundings of a PRV can be

* One of the range values

Sick(X) ¢! WM Sick(X) ¢Ff
* Not available (N/A)
ailse

true 1 true

 Compactly encode evidence with PRVs and
parfactors

. ithi : Nat(D Acc(l
Within each group: @ - @

instances are indistinguishable again

— Absorb evidence for each group at once
using the parfactors

T. Braun - StaRAl 46
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Lifted Absorption: Shattering on Evidence

e As observations are seldom for all constants in a
constraint, parfactors have to be split based on
the constants that occur in the observations

e Only then: absorb applicable evidence in each
parfactor individually

* E.g., given evidence parfactors g., 9., every
parfactor containing Sick(X) has to be split on the
constraints: g,, gs

* After shattering, absorb each evidence parfactor
Je in each applicable parfactor g;

* Possible to interleave shattering and absorption

Exact Inference: LVE

T. Braun - StaRAl
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Lifted Absorption: Example

* Absorb gl in gy:

ave pia 0 Sick(X) ¢l

False—Ffalse—Ffalse—SF5 false 0

false  false true 0 true 1
+—false—true—Fatse—4

false true true 6 Travel(X) Epid ¢2

true false—false—A4 false  false 0

true false true 6 false true 6

trre—true—Ff afse—2 true false 6

true true true 9 true true 9
* Same for g¢ in g3, 7. in g, 9o in g3

Exact Inference: LVE

T. Braun - StaRAl
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Lifted Absorption: Operator

* |nputs:
* Parfactor g = ¢p(A) ¢, € = (X, Cy)
* PRV A; = R(Y)or (P)CRV A4; = #,[R(Y)] occurring in A
* Evidence parfactor g, = qb(R(Y))lCe with o = observed value of R(Y) in g,

Let

o Xex¥cl =y \ lv(A\ {4,}) (exclusive to 4;), X™¢ = lv(A4;) \ lv(A\ {4;}) (not-counted exclusive to 4;)
o XTeM = [p(X) \ X¢*°! (remainingin g), X" = [v(A) \ X¢*‘! (not-counted remaining in g)
Preconditions:

1. gr(Al|C) gr(Al|Ce)
2. X" is count-normalised w.rt. X" in C, i.e., 7 = ncountynce yncr (C) exists

Output g = (p ((A )lCI C' = (ﬂXrem(X) ﬂXrem(Cx))

. = (A, ..., A1) o (411, -, A}) )
¢ ( A1) Ajyqy - ) — ¢( a,_1,€,a;4+1, )
« withe =0ifA; = R(Y) and

* otherwise e = a histogram with e(0) = ncounty;;,(4)(€C) and e(0’) = 0,0 # o

Postcondition: G U {g.} ~ G \ {g} U {g., absorb(g, A;, g.)}

T. Braun - StaRAl 49
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Lifted Absorption: Evidence for CRVs

e Output: g’ = qb’(cﬂ’) c’

MUNSTER Exact Inference: LVE

B (oo @i, Qi ) = (s Gp_1,€, gy, )

* e=a hlstogram W|th e(o) = ncountX”v(c,q)(C) and e(o’) =0,0" #o0 false

1

e Evidence PRV appears as inner PRV of a (P)CRV true

0

e Turn observations into histogram
* All groundings have the same observation in evidence parfactor
* Peak-shaped histogram with ncountX“v(dq)(C) at position o and 0 otherwise

Epid #,[Nat(D)] ¢*

* E.g.,, Nat(D) = false for all gr(Nat(D)) — 0 = falseing,

* Given parfactor: g = ¢(Epid, #p[Nat(D)])

* ncountp(T) = 2
* Forms histogram: [0,2]

e Output: g’ = ¢'(Epid)

T. Braun - StaRAl
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Lifted Absorption: Eliminating a Logical variable

* Output: g' = ¢"(A")cr

¢ (ors @i—1, Aigg, -

« withe=0ifA; = R(Y)

)= ¢(..

Ai—1,€,Aj41, -

e Eg., Treat(X,M) =trueV(x,m) €T

* Parfactor g5 contains Treat(X, M)

* Qutput: qb’(Epid,Sick(X))
* Absorbing Treat(X, M) = true eliminates M

* 7 = ncounty,x(C) = 2

 Potentials in selected lines have
to be raised to the power of 2

)T

Exact Inference: LVE

(Epid)—0

I
i
93

After lifted absorb

0

T. Braun - StaRAl
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Lifted Absorption: Eliminating a Logical variable

e Equivalent ground case:
e Absorb Treat(x,m) = true in r propositional factors for each x

* Qutput: qb*(Epid, Sick(x)) r times for each x
* Multiply all gb*(Epid, Sick(x)) into one factor qb’(Epid, Sick(x)), i.e., raise to the power of r

Py
P a
p '
¢*
Initial model After absorb After multiply

MUNSTER Exact Inference: LVE

T. Braun - StaRAl
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Shattering on Evidence & Absorption

* Given a set of evidence parfactors {g.}1~, and a model G = {g;}i-

Exact Inference: LVE

I Foreach g, = be(Ae)ic,:
* Foreach g; = ¢;(A)c;:
e IfA, € rv(g;):
* Splitg;onC,,i.e.,

G < G\ {g;} Usplit(g;, 4c, Acc,)

* Foreach g, = ¢.(4¢)|c,:
* Foreach g; = ¢;(A)c;:
* If A, € rv(g;):
e Absorb g, in g;

T. Braun - StaRAl
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Types of Shattering

e So far considered: Pre-emptive shattering

* Recursively shattering the model on evidence, query terms, and itself before starting with any calculations

e Shattering a model on itself: Ensure that all sets of constants for logical variables occurring in constraints are either
identical or disjoint

* Allows for introducing one logical variable for each set of constants and T constraints except when an inequality is
encoded

* Avoids splitting during LVE and makes PRV comparisons easier Nat(D) Acc(D)
91

* On-demand shattering

e Splitting on constraints only if the application
of an LVE operator requires it

* Ininitial example calculation for P(Travel(eve)):
Eliminate Treat(X, M) before splitting of Sick(eve)

* Does not change complexity of the problem
* May be hard to determine when to shatter + extra work for checking

T. Braun - StaRAl 54
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LVE: Algorithm

* Assumption:

* Pre-emptive shattering

 Ground query terms

* Set of propositional random variables, instances (groundings) of PRVs,

* |nputs:

e Model G = {g;}},

* Queryterms Q

* Evidence e encoded in evidence parfactors {g,}i=,
* Qutput:

 Parfactor g = ¢(Q)
* Encodes the a-posteriori probability distribution of Q given e: P(Q|e)

Exact Inference: LVE

T. Braun - StaRAl

55



. M N STER Exact Inference: LVE

LVE: Algorithm

LVE(G, Qi {ge Zn=1)
G < Shatter G on Q, {g.}u=1, and on itself
G < Absorb {g.}o=,inG
while ¢ contains non-query terms do
if a PRV A fulfils the preconditions of sum—out then  _ |
G < Apply sum—outto A in G L
else , ¢
G < Apply an enabling operator (multiply, count—convert, expand,
count—normalise, split, ground) on some parfactors in G
lg < Multiply all parfactors in G into one parfactor
g < Normalise the potentials in g

return g parfactors ¢;(Q)

G may contain several

T. Braun - StaRAl 56
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LVE: Heuristics

* Important for an implementation
e Cannot search all possible permutations of all possible operator applications
* Preconditions of lifted operators already restrict possible elimination order

* One possible greedy heuristics (as used in the upcoming implementation):
e Choose sum-out operations over any other operation
e Explicitly written down in algorithm
* Only consider multiplication if the arguments of the two parfactors are the same or ground

e Avoid scaling
* Choose operation that results into the smallest parfactor(s) to be added to G
* |f same size: choose at random

 E.g., if a grounding is unavoidable, the heuristics may lead to various count conversions being applied before grounding
as the result of a count conversion is usually smaller in size than the result of grounding the same logical variable

T. Braun - StaRAl 57
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LVE: Implementation

* Available at:
* https://dtai.cs.kuleuven.be/software/gcfove
* Includes a VE implementation for comparison
* Input: BLOG files
e Based on Bayesian Logic Programming Language
* https://bayesianlogic.github.io
» Differences
e Constraint language and domains:
* Intensional language: all domain constants apply except those explicitly excluded via #
 Domains cannot be subsets of other domains
* No explicit multiplication operator
* Merged into sum-out operator

T. Braun - StaRAl 58
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MUNSTER

BLOG Input

* Components

Logical variables

Domain definitions
Ground random variables
PRVs

Factors

Parfactors

 Potential lists

Start at all true

End at all false

* If you think of the assignments as binary numbers, then the
numbers are decreasing

Exact Inference: LVE

type Person; BLOG file

guaranteed Person x[3];

random Boolean Epid;
random Boolean Sick(Person);

factor MultiArrayPotential[[0.1, 0.9]] Epid;

parfactor Person X. MultiArrayPotential
[[0.5,0.6,0.7,0.8,0.9,0.7,0.5,0.3]]
(Epid, Sick(X));

query Sick(x3); // query

obs Sick(x1)=true; // observation

s ) —Er—CSicke)>

T. Braun - StaRAl
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Runtimes: Increasing Domain Sizes

* Running example model with all domain sizes 2, except
|[dom(X)| € {2/4, ..., 20, 30,...,100,200,...,1000}

» Query: P(Travel(x,))

Runtimes in milliseconds

Exact Inference: LVE

Linear scale Log scale
2000 10" 7 S LvE
< LVE —— VE
—*— VE
1500 — 10° —
1000 — 102 —
500 — 10" -
0 - 10° -
[ I I I I | [ I I |
0 200 400 600 800 1000 10° 10" 10 10°
Domain size |D(X)| Domain size |D(X)|

T. Braun - StaRAl
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